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Abstract.

The concept of M-open sets [15] can be applied in modifications of rough set approximations [36,
35] which is widely applied in many application fields. The aim of this paper is to introduce and study
new forms of faint continuity which are called faint M-continuity. Moreover, basic properties and
preservation theorems of faintly M-continuous functions are investigated. Also, the relationships
between these functions and other forms are discussed.
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1. Introduction

In 1982, Long and Herrington [28] defined a weak form of continuity called faintly continuous by
making use of 6-open sets. They obtained a large number of properties concerning such functions and
among them, showed that every weakly continuous function is faintly continuous. Noiri and Popa [32]
introduced and investigated three weaken forms of faint continuity which are called faint
semicontinuity and faint precontinuity and faint B-continuity. Also, a nother weaker form of this class
of functions called faint a-continuity and faint-b-continuity are introduced and investigated in [23, 30].
Caldas [6] exhibited and studied among others of new weaker form of this class of functions called
faint e-continuity. Recently, A good number of researchers have also initiated different types of faintly
continuous like functions in the papers [33, 31, 14]. In this paper, we introduce and investigate another
form of faint continuity namely, faint M-continuity. Also, some of fundamental properties of them are
studied.

2. Preliminaries.

Throughout this paper (X, 1) and (Y, o) (Simply, X and Y) represent topological spaces on which no
separation axioms are assumed, unless otherwise mentioned. The closure of subset A of X, the interior
of A and the complement of A is denoted by cl(A), int(A) and A° or X\A respectively. A subset A of a
space (X, 1) is called regular open [39] if A= int(cl(A)). A point xeX is said to be a 6-interior point of
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A [28] if there exists an open set U containing x such that U < cl(U) < A. The set of all 6-interior
points of A is said to be the 0-interior set and denoted by intg(A). A subset A of X is called 6-open if A
= intg(A).The family of all 6-open sets in a topological space (X,t) forms a topology t9 on X. This
topology is coarser than t. A subset A of a space (X,t) is called preopen [29] or locally dense [8] (resp.
d-preopen [37], a-open [31], B-open [1], semi-open [26], d-semi-open [34], O-semi-open [7] , e-open
[11], e*-open [12], b-open [4] or y-open [13] if A < int(cl(A)) (resp. A < int(cl;(A)) , A <
int(cl(int(A))), A c cl(int(cl(A))), A < cl(int(A)), A c cl(ints(A)) , A < cl(intg(A)), A < cl(ints(A)) U
int(cls(A)) , A < cl(int(cls(A))), A < cl(int(A)) Uint(cl(A)).

A subset A of a space (X,t) is called M-open [15] if A < cl(inty(A)) U int(cls(A)).

The complement of preopen (resp. 5-preopen, a-open, 3-open, semi-open, y-open, e-open, e*-open, o-
semi-open, ©-semi-open, 6-open, M-open) set is called preclosed (resp. d-preclosed, a-closed, B-
closed, semiclosed, y-closed, e-closed, e*-closed, &-semiclosed, 0-semiclosed , 6-closed, M-closed).
The family of all preopen (resp. d-preopen, a-open, 3-open, semi-open, y-open, 6-semi-open, e-open,
e*-open, d-semi-open , 6-open, M-open ) is denoted by PO(X) (resp. 8-PO(X), aO(X), BO(X), SO(X),
YO(X), 6-SO(X), e-0(X), e*O(X), 5-SO(X), 6-O(X), MO(X) ). The union of all M-open (resp. 6-open,
0-semi-open, o-preopen, e-open) sets contained in A is called the M-interior [15] (resp. 6-interior [28],
0-semi-interior [7], 5-pre-interior [37], e-interior [11]) of A and it is denoted by M-int(A) (resp. intg(A),
sintg(A), pints(A), e-int(A)). The intersection of all M-closed (resp.0-semi-closed, &-preclosed, e-closed
) sets containing A is called the M-closure [15] (resp. 6-semi-closure [7], 5-preclosure [37], e-closure
[11] ) of A and it is denoted by M-cl(A) (resp. sclg(A), pcls(A)). A point xe X is called a 0-cluster
[28] (' resp. o-cluster [40] ) point of A if cl(U) N A # ¢ (resp. int(cl(U)) N A = ¢ ) for every open set U
of X containing X. The set of all 6-cluster (resp. d-cluster ) points of A is called the 6-closure (resp. &-

closure) of A and is denoted by clg(A) (resp. cls(A)). We observe that for any topological space (X, 1)

the relation 19 < T5 < T always holds. We also have A c cl(A) c cls(A) < clg(A), for any subset A of
X.

The study of rough sets on an approximation space was initiated by [36, 35]. Rough set theory is one of
the new methods that connect information systems and data processing to mathematics in general and
especially to the theory of topological structures and spaces. A large number of authors [2, 25, 3, 21,
24, 27, 41, 5] had turned their attention to the generalization of approximation spaces which is widely
applied in many applications fields.
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We recall the following definitions and results, which are useful in the sequel.
Definition 2.1. A mapping f : (X, 1) —(Y, o) is called faintly continuous [28] (resp. faintly o-
continuous [30], faintly precontinuous [32], faintly semicontinuous [32], faintly B-continuous [32],
faintly y-continuous [30], faintly e-continuous [6], faintly e*-continuous, faintly 8-precontinuous [10],
faintly 8-semicontinuous [9], faintly 8-semicontinuous ) if, f (V) is open (resp. o-open, preopen, semi-
open, -open, y-open, e-open, e*-open, d-preopen, 3-semi-open, 6-semi-open ) in X for every 6-open
setVofY.
Definition 2.2. A mapping f: (X, t) —(Y, o) is called:
(i) 6-continuous [20] if, f (V) e 6-O(X) for every V € o,
(i) quasi B-continuous [22] if, f (V) e 8-O(X) for every V e 6-O(Y).
Definition 2.3. A mapping f: (X, 1) —(Y, o) is called
(i) M-continuous [17] if, f *(U) e MO(X), for each Ue o,
(i) M-irresolute [17] if, f (U) € MO(X), for each Ue MO(Y),
(iii) pre-M-open [19] if, f(U) € MO(Y), for each Ue MO(X),
(iv) pre-M-closed [19] if, f(U) € MC(Y), for each Ue MC(X).
Definition 2.4. [18] A mapping f: (X, 1) —(Y, o) is called :
(i) weakly-M-continuous if, for each xeX and each open set VV of Y containing f(x), there exists Ue
MO(X) such that xeU and f(U) c cl(V),
(i) contra-M-continuous, if f *(U) € MC(X), for every open set U of Y.
Lemma 1.1. For a topological space (X, t) and A < X, then the following statements are hold:
(i) If Ac F;, Fiis an M-closed set of X, then A < M-cl(A) c Fj,
(i) If Gy < A, Gj is an M-open set of X, then G; < M-int(A) c A.
Proposition 1.1. Let (X, 1) be a topological space and A < X. Then, the following statements are hold:
() bo(A) = clo(A) \ inte(A) [22],
(if) M-b(A) = M-cl(A) \ M-int(A) [15],
(iii) M-Bd(A) = A\M-int(A) [17].
The set of 6-boundary (resp. M-boundary, M-border) of A is denoted by bg(A) (resp. M-b(A), M-
Bd(A)).
Theorem 2.1. [18] If a mapping f: (X, 1)— (Y, o) is contra-M-continuous and Y is regular, then f is

M-continuous.

3. Faintly M-continuous mappings.
Definition 3.1. A mapping f: (X, 1) —(Y, o) is called faintly M-continuous, if
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f 1(U) e MO(X), for every 6-open set U of Y.
Remark 3.1. The implication between some types of mappings of Definitions 2.1, 3.1, are given by
the following diagram.

faintly cont.—— faintly a-cont.—— faintly precont——— 3 faintly &-precont.

A

faintly semicont. — faintly y-cont.— faintly 3-cont.

faintly 8-semicont. faintly e*-cont.

quasi 6-cont. — faintly 6-semicont. —— 3 faintly M-cont. — faintly e-cont.
None of these implications is reversible by [39, 29, 37, 31, 1, 26, 34, 11, 7, 12, 13, 15, 22] and
the following examples.
Example 3.1. Let X =Y ={a, b, ¢, d} with topologies t©={X, ¢, {a}.{b}.{a, b}} and
o =AY, ¢, {a}, {a, d}, {b, c}, {a, b, c}}. Then the identity mapping f: (X, 1)—(Y, o) is faintly e-
continuous but not faintly M-continuous. Since, f *({a, d}) = {a, d}& MO(X).
Example 3.2. Let X =Y = {a, b, c, d} with topologies t = {X, ¢, {a},{c}.{a, b}, {a, c}, {a b, c}, {a c,
d}} and o = {Y, ¢,{a, b}, {c, d}}. Then the identity mapping
f: (X, 1)— (Y, o) is faintly M-continuous but not faintly 6-semicontinuous. Since,
f*({a, b}) = {a, b} & 6-SO(X).
Furthermore, f : (X, ©)— (Y, o) is faintly M-continuous but not faintly 8-precontinuous. Since, f *({c,
d}) ={c, d} ¢ 3-PO(X).
The following example is an application of the concept of M-open sets in the rough set
approximations.
Example 3.3. If we have the following information system. The objects{xs, X2, X3,
X4} represent the 1D of students, the attributes {EL(1), MA, AL(1)} are three salyets studied by the
students, EL(1) is English language (1), MA is Mathematics and AL(1) is Arabic language(1). The

values are the numbers scored by the students in an exam in the following table.

adp do as

Object(U) | EL(1) | MA | AL(1)

X1 86 83 7
X2 93 85 81
X3 89 60 78

X4 88 60 82
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And consider the relation R; on the set of objects defined by :

X Ri y iff [ai(X) - ai(y)] <2, i = 1,2,3. Then we can get the following classifications corresponding to
every subclass of attributes:

SeLy = {{xa} {X1, Xa}, {X2, X33}, Sma ={{Xa}.{X1, Xs}.{X2, Xa}}, Sar@= {{x1}.{x2},

{X1, X2}, {X1, X2, X3}, {X1, X2, Xa}} and hence the topologies generated by the above classes are: Tg1) =
{U, ¢ {xad {xa, xa}, {x2, xs} {x1, X2, X33} tma={U, ¢, {Xa},

{x1, xs}{x2, Xa}, {Xa, X3, Xa}} and TaL) = {U, ¢, {xi}, {2} X0, Xo}, {Xa, Xz, X3}, {X1, X2, X4}}. Hence, the
identity mapping f: (U, Tvma) — (U, Tei) is faintly M-continuous. But

the identity mapping g: (U, Tarq) — (U, Teiw) is not faintly M-continuous.

Theorem 3.1. For a mapping f: (X, t) —(Y, o), the following statements are equivalent:

(i) f is faintly M-continuous,

(i) For each xe X and each 6-open V of f(x) in Y, there exists an M-open set U of x in X such that f(U)
cV,

(iii) f (F) is M-closed in X, for every 6-closed set F of Y,

(iv) M-cl(f (B)) < f™(cly(B)), foreach B Y,

(v) f(M-cl(A)) < clg(f(A)), for each A < X,

(vi) fX(inte(B)) = M-int(f *(B)), for each B Y,

(vii) M-Bd(f *(B)) = f *(Bdy(B)) , for each B Y,

(viii) M-b(f 1(B)) < f *(be(B)), for each B < .

Proof. (i)—(ii). Let xeX and V < Y be a 6-open set containing f(x). Then xe f (V). Hence by
hypothesis, f (V) is M-open set of X containing x. We put U = f (V), then xe U and f(U) c V.
(ii)—(iii). Let F = Y be 0-closed. Then Y\F is 0-open and xef *(Y\F). Then f(x) € Y\F. Hence by
hypothesis, there exists an M-open set U containing x such that f(U) < Y\F, this implies that, xe U
f Y(Y\F). Therefore, f (Y\F) = xH B%(Y\F)} which is M-open in X. Therefore, f *(F) is M-
closed.

(iii))—(i). Let V < Y be a 6-open set. Then Y\V is 6-closed in Y. By hypothesis,

f 1(Y\V) = X\f }(V) is M-closed and hence f (V) is M-open. Therefore, f is faintly M-continuous.
(i)— (iv). Since B < clg(B) = Y which is a 6-closed set. Then by hypothesis, f *(clo(B)) is M-closed in
X . Hence, by Lemma 1.1, M-cl(f *(B)) < f *(cly(B)) for each B Y.

(iv) —>(v). Let A = X. Then f(A) Y, hence by hypothesis, M-cl(A) = M-cl(f (f(A))) < f (clo(f(A))).
Therefore, f(M-cl(A)) c f f(clo(f(A))) < clo(f(A)),
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(i) — (vi). Since inty(B) = B = Y is 6-open. Then by hypothesis, f (inte(B)) is an M-open set in X.
Hence, by Lemma 1.1, f *(inty(B)) = M-int(f *(B)), foreach Bc .

(vi) — (i). Let V < Y be a 6-open set. Then by assumption, (V) = f(inte(V)) =

M-int(f *(V)) . Hence, f (V) is M-open in X. Therefore, f is faintly M-continuous.

(vi) — (vii). Let V < Y. Then by hypothesis, f (ints(V)) = M-int(f *(V)) and so

£1(V) \ M-int(f 1(V)) < £(V) \ f(into(V)) = £ (V\ inte(V)). By Proposition 1.1,

M-Bd(f (V) < f*(Bdo(V)).

(vii) — (vi). Let V < Y. Then by hypothesis, f*(V)\ M-int(f (V)) c

£1(V) \ f(into(V)). Therefore, f (inty(V)) = M-int(f *(V)).

(vi) — (viii). Let B < Y. Then by (vi), f (ints(B)) < M-int(f *(B)) . Hence by (iv),

M-cl(f (B)) \ M-int(f *(B)) < f (cls(B)) \ f *(inte(B)) . So, by Proposition 1.1,

M-b(f (B)) < f *(be(B)), for each B .

(viil)—(vi). Let B c Y. Then by Proposition 1.1,

M-b(f (B)) = M-cl(f (B)) \ M-int(f *(B)) = f (cle(B)) \ f *(inte(B)) this implies that

f(inty(B)) = M-int(f }(B)), foreach B c .

Proposition 3.1. If, f: (X, 1) —(Y, o) is an M-continuous mapping then f is faintly M-continuous.
Proof. Let xeX and V — Y be 06-open containing f(x). By fact that every 6-open set is open, then V is
open in Y. Since f is M-continuous, then f (V) € MO(X) and containing x. If we put U = f (V), then
f(U) < V . Hence f is faintly M-continuous.

Remark 3.1. The converse of the above Proposition is not true as shown by the following example.
Example 3.4. Let X =Y = {a, b, ¢, d} with topologies t={X, ¢, {a}.{b}.{a, b}} and

o ={Y, ¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}, {b, c, d}}. Then the identity mapping f: (X,
1)— (Y, o) is faintly M-continuous but not M-continuous. Since,

f*{b, c}) = {b, c} & MO(X).

Theorem 3.2. If a mapping f: (X, 1)— (Y, o) is weakly M-continuous, then it is faintly M-continuous.
Proof. Let x € X and V c Y be a 6-open set containing f(x). Then, there exists an open set W such that
f(x) € W < cl(W) < V. Since f is weakly M-continuous, then there exists an M-open set U containing
x such that f(U) c cl(W) < V . Therefore, f is faintly M-continuous.

Remark 3.2. The converse of the above Theorem is not true as shown by the following example.
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Example 3.5. In Example 3.4, ¢ € X, {c}< o and f(c) = ¢ €{c} but we not find Ue MO(X) such that
¢ eU and f(U) c cl({c}) ={c, d}. Then f is faintly M-continuous but not weakly M-continuous.

If (Y, o) is a regular space, we have 6 = oy and the next theorem follows immediately from the
definitions
Theorem 3.3. Let Y be a regular space. Then for a mapping f : (X, 1)— (Y, o) the following
properties are equivalent :
(i) f is M-continuous,
(i) T is faintly M-continuous.
Theorem 3.4. If a mapping f: (X, 1)— (Y, o) is contra M-continuous and Y is regular, then it is faintly
M-continuous.
Proof. Obvious from Theorem 2.1 and Proposition 3.1.
Remark 3.3._The composition of two faintly M-continuous mappings need not be faintly M-continuous
as shown by the following example.
Example 3.6. Let X =Y = Z = {a, b, c}, with topologies 1« = {X, ¢, {b}, {c}, {b, c}},
1wy ={Y, ¢, {a}} and 1, ={Z, ¢, {a}, {b, c}}. Then the identity mappings
f: (X, w)— (Y, 1) and g: (Y, ty) — (Z, 1,) are faintly M-continuous , but g o f is not faintly M-
continuous. Since, f *({a}) = {a} ¢ MO(X).

In the following, we give some properties of the composition of two faintly M-continuous
mappings.
Theorem 3.5. Let f: (X, 1) — (Y, 1y) and g : (Y, ty) — (Z, 1) be two mappings. Then the following
statements are hold:
(1) If, fis faintly M-continuous and g is quasi 6-continuous, then g o f is faintly M-continuous,
(ii) If, f is faintly M-continuous and g is 6-continuous, then g o f is M-continuous,
(iii) If, fis M-continuous and g is faintly continuous, then g o f is faintly M- continuous,
(iv) If, f is M-irresolute and g is faintly M-continuous, then g o f is faintly M-continuous.
Proof. (i) Let V < Z be 6-open set and g be quasi 0-continuous, then g (V) e 6-O(Y). But f is faintly
M-continuous, then (g o f)*(V) € MO(X). Hence, g o f is faintly M-continuous.
(i) Let Ve 1, and g be 6-continuous. Then g (V) e 6-O(Y). But f is faintly M-continuous, then (g o f
)} (V) € MO(X). Hence, g o f is M-continuous.
(iii) Let V < Z be 8-open set and g be faintly continuous. Then g (V) e o. But f is M-continuous,
then (g o f)*(V) € MO(X). Hence, g o f is faintly M-continuous.

291


http://www.ijiset.com/
http://www.ijiset.com/

{%\\\% IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 4, June 2014.
[ (i,]ISl’fy WWW.ijiset.com
1 Y, ISSN 2348 — 7968
e

(iv) Let V < Z be 6-open set and g be faintly M-continuous. Then g (V) € MO(Y). But f is M-
irresolute, then (g o f)*(V) € MO(X). Hence, g o f is faintly M-continuous.

Theorem 3.6. For two mappings f: (X, t)— (Y, ty) and g: (Y, 1y)— (Z, 1), the following properties
are hold:

(i) If, fis a surjective pre-M-open and g o f: X— Z is faintly M-continuous, then g is faintly M-
continuous,

(i) If, f is a surjective pre-M-closed and g o f: X— Z is faintly M-continuous, then g is faintly M-
continuous.

Proof. (i) Let Vc Z be a 6-open set. Since, g o f is faintly M-continuous, then

(g o F)1(V) e MO(X). But, f is surjective pre-M-open, then g (V) € MO(Y). Therefore, g is faintly
M-continuous.

(ii) Obvious.

Theorem 3.7. Let f: X — Y be a surjective pre-M-open and M-irresolute mapping. Then gof: X —
Z is faintly M-continuous if and only if g is faintly M-continuous.

Proof. Necessity. Obvious from Theorem 3.5.

Sufficiency. Let g o f: X — Z be a faintly M-continuous mapping and V be a 0-open set of Z. Then (g
o F)H(V) e MO(X). Since f is surjective pre-M-open, then g (V)e MO(Y). Therefore, g is faintly M-
continuous.

Definition 3.2. A topological space (X, 1) is called:

(i) M-compact [18] (resp. 6-compact [22]) if every M-open (resp. 6-open) cover of X has a finite sub
cover,

(i) countably M-compact [18] (resp. countably 6-compact) if every countable cover of X by M-open
(resp. 6-open ) sets has a finite subcover,

(iii) M-connected [18] (resp. 6-connected) if X can not be expressed as the union of two disjoint non-
empty M-open (resp. 6-open) sets of X,

(iv) M-Lindeloff [18] (resp. 6-Lindeloff ) if every M-open(resp. 6-open) cover of X has a countable
subcover.

Theorem 3.8. If, f: (X, 1)—(Y, o) is a surjective faintly M-continuous mapping and X is M-connected
space, then Y is 6-connected.

Proof. Suppose that Y is 6-disconnected and U, V be two disjoint non-empty 6-open sets such that Y =
U U V. Since f is a surjective faintly M-continuous, then X = f }(U) U f (V) which is the union of
two M-open sets. Therefore, X is M-disconnected. This is a contradiction with the fact X is M-

connected. Hence, Y is 6-connected.
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Theorem 3.9. If, f: (X, 1)—(Y, o) is a surjective faintly M-continuous mapping. Then the following
statements are hold:

(1) If X'is M-compact, then Y is 6-compact,

(i) If X is countably M-compact, then Y is countably 6-compact,

(iii) If X is M-Lindel6ff, then Y is 6-Lindeloff.

Proof. (i) Let {U;: i €1} be a 6-open cover of Y. Since f is faintly M-continuous, then

{f(U)) : i e I} is an M-open cover of X. But X is M-compact, then there exists a finite subcover I, of
Isuchthat X =  fJY(Uy): ie I.}. By surjective f, we have

Y = UidJ1,} of Y. Hence, Y is 0-compact.

(i) Similar to (i).

(iii) Similar to (i).

Definition 3.3. A topological space (X, 1) is called:

(i) M-Ty [16] (resp. 6-T1) space if for every two distinct points x, y of X, there exist two M-open
(resp.6-open) sets U, V such that xeU, ygU and xgV , yeV.

(if) M-T, or M-Hausdorff [16] (resp.0-T, [38] ) space if for every two distinct points x, y of X , there
exist two disjoint M-open (resp.0-open) sets U, V such that xeU and yeV,

(iii) strongly M-regular (resp. strongly 6-regular) if for each M-closed (resp. 6-closed ) set F and each
point xg F, there exist two disjoint M-open (resp. 6-open) sets U, V suchthat Fc Uand x € V,

(iv) strongly M-normal (resp. strongly 6-normal) if for any pair of disjoint M-closed (resp. 6-closed)
subsets F; , F, of X, there exist two disjoint M-open (resp. 6-open) sets U , V such that F; c U and F;
c V.

Theorem 3.10. If, f: (X, 1)—(Y, o) is an injective faintly M-continuous mapping and Y is a 6-T;
space, then X is M-T;.

Proof. Let x, y eX and x = y. By hypothesis, f(x) = f(y). Since Y is a 6-T; space, then there exist two 6-
open sets U, V such that f(x)eU, f(y)eU and f(x)eV , f(y)eV. Since f is faintly M-continuous, then f
(V) and f (V) are M-open subsets of X such that

x e f1U), yeflU)andx ¢ f(V),y e f (V). Therefore, X is M-Ty.

Theorem 3.11. If, f : (X, 1)—(Y, o) is an injective faintly M-continuous mapping and Y is a 6-T>
space, then X is M-T».

Proof. Let x, y eX and x # y. By hypothesis, f(x) = f(y). Since Y is a 6-T, space, then there exist two
disjoint 6-open sets U, V such that f(x)eU and f(y)eV. Since f is an injective faintly M-continuous,
then f "1(U) and f (V) are two disjoint M-open subsets of X such that x € f (U) and y e f (V).
Therefore, X is M-To.
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Definition 3.4. A mapping f: (X, t1)—(Y, o) is called :

(i) M6-open if f(V) € og for each V € MO(X),

(if) MO-closed if f(\V) is 6-closed in'Y for each V € MC(X).

Theorem 3.12. If f: X—Y is a bijective faintly M-continuous and M®6-open mapping from strongly
M-regular space X onto a space Y, then Y is strongly 6-regular.

Proof. Let F c Y be 0-closed and y¢ F. Since f is faintly M-continuous, then

f 1(F)e MC(X) and f (y) = x ¢ f "(F). Since X is strongly M-regular, then there exist two disjoint M-
open sets U, V such that f *(F) U and x V. Since f is a bijective M6-open, then f(U) and (V) are
two disjoint 8-open subset of Y such that ff *(F) = F c f(U) and y e f(V). Therefore, Y is strongly 6-
regular.

Theorem 3.13. If f: X—Y is an injective faintly M-continuous and M®6-open mapping from strongly
M-normal space X onto a space Y, then Y is strongly 6-normal.

Proof. Let F; and F, be two disjoint 6-closed subsets of Y. Since f is an injective faintly M-continuous,
then f *(F,) and f (F,) are two disjoint M-closed sets of X. Since X is strongly M-normal, then there
exist two disjoint M-open sets U, V such that f (F1) = U and f *(F,) < V and by M6-open mapping,
we have F; < f(U) and F, c f(V). Therefore, Y is strongly 6-normal.
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